(2) (-l)5i(«-l,¿) = (^ k \Bu\ (n + ¿\ (_") (3) S2(n,k) = (^ k jBl \ and the formulas may be used to extend the definition of Si(w, ¿) and S2(n, k) for arbitrary real n. In a previous paper [2] the writer has proved several apparently new formulas relating the two kinds of Stirling numbers to each other. Carlitz [l] has generalized these results in part as follows. Instead of considering the polynomial B['\ let fk(z) denote an arbitrary polynomial in z of degree ¿, that is (4) Ms) = E <**', i-0 and let, moreover,
/t(0) = 0 (* ¡£ J).
In addition if we define 
Carlitz proved these using only elementary properties of polynomials.
In the writer's paper [2] , the proofs of the original formulas when Pi and Pi are the Stirling numbers was made to depend upon an application of the generalized chain rule of differentiation in the form
and a function like that in relation (1).
2. It may be of interest to point out that relations (8), (9) and (10) are also obtainable from the Lagrange interpolation formula in a rather easy manner.
The Lagrange interpolation formula may be written in the form
and is an algebraic identity when/*(«) is a polynomial in u of degree k.
We first note that
from which it follows that / -n\/k + n\ Jl. -n -i (13) . )( .)= II-r (0giá&,»real).
Next we note the binomial coefficient identity « (7)erK<;xr>
It follows from (13) and (14) that
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or, in view of (6) and (7), (n) /*(-») = zm-j) n Zr^> which obviously is a special case of the Lagrange formula (11) applied in the case of the polynomial fk(u) with u--« and u¡=j. Similar remarks apply to relation (9).
3. To show that (10) is also derivable from (11) we need to show that we may choose (18) fk(u) = zuDÍz~".
With this as a definition oi fk(u) we must show that fk(u) is a polynomial in u of degree ¿, that is
where the coefficients a\(x, z) are independent of u. We remark that (18) yields fk(0) =0 (¿=gl) which is the hypothesis (5) made by Carlitz. Clearly fo(u) = 1 and (20) fi(u) = -uz~lDxz.
It will be sufficient for an inductive proof of (19) then to examine fk+i(u) and show that the new coefficients arising in it are of the same type as those in fk(u). Now a fundamental and easily verified property of the generalized chain rule (see for example [3, p. 21 ] for a detailed proof) is that
where u is independent of x and z, z = z(x), and the coefficients A)(x) are polynomials in the derivatives of order ^¿ of z(x). As a matter of fact this follows from the recurrence relation From (21) and (18) it follows that (24) fk(u) = YlAk(x)-zuDÍz~U,
3=0
and it will therefore be sufficient for our purposes to show that
where the b{(z) are independent of u. Indeed we have
Consequently if we assume the recurrence formula
together with the conditions that b[(z) =0 if either i<0 or i>j, then clearly this implies that b{(z) can only involve powers of z and will not depend on u so that (19) is proved. Therefore the Lagrange formula (11) may be applied to the polynomial function defined by (19), and with the choice u = n and u¡=j we find that (27) z DkxZ-n = £ z"JDkJ Û ^4-3=o <-o; »vy .7 -J
